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ABSTRACT 

This study investigated an optimal production, maintenance, and quality forecasting 

problem, with an improved statistical process chart of a supply chain under service and quality 

requirements. The product quality control is done using a multi-level statistical process chart 

with additional surveillance. The tool indicates when the process is respectively in control, on 

surveillance, and under critical stages. While the process is in a control state, producing 

conforming items is subjected only to minimal corrective maintenance. But when the operation 

falls to a surveillance stage it requires imperfect preventive maintenance with duration to 

reduce the failure rate. And when the operation moved to a critical state, then a perfect 

maintenance action with significant time is employed to restore the process to (AGAN). The 

decision variables are the sample size, the control interval, the control charts’ surveillance 

limits and the critical limits. The multi-ware houses are to satisfy random customer demands 

during the finite production horizon with service, quality, and production bounds constraints. 

We use a stochastic mathematical formulation, simulation, and optimization to determine the 

optimal chart parameters, which minimizes the total expected cost of production. To highlight 

the interesting aspects of the interactions between production, quality, and maintenance, 

numerical examples and sensitivity analysis are presented. The work reduces the non-

conformal losses and, subsequently, achieved total cost minimization.  

Keywords: optimisation, production, maintenance, quality, control chart, cost 

 

INTRODUCTION 

There is a need for industrial companies to reduce their costs, satisfy multiple customer 

requirements, and at the same time make profits while maintaining market competitiveness. 

Production, maintenance, and quality are the most critical aspects of an industrial system, and 

these factors are interrelated with each other (Abubakar et al., 2022). Production planning 

reduces the work in progress and ensures the satisfaction of the demand (Chen et al., 2015). 

Maintenance increases availability with a reduction of failures at increased reliability 

(Enderlein, 1966). While quality control will guarantee the desired product quality (Aarab et 

al., 2017). Therefore, the integration of these fundamental interdependent factors will result in 

achieving improved production system efficiency as well as significant total production cost 

minimization (Bahria et al., 2021). However, the planning and implementation of these factors 

jointly and optimally represent a challenge to production companies (Xiao et al., 2019). And 

traditionally, these factors were not treated altogether or optimally (Farahani et al., 2019). But, 

with the development of the current industrial system, the emergence of new products, 

competitive markets, required the collaboration of these interrelated factors to achieve overall 

objectives (Abubakar et al., n.d.). According to Abubakar et al. (2020), customers are becoming 

more exigent, while production systems are getting more complex and subject to multiple 

uncertainties, also, demand becomes random. Buzacott (1967) is one of the earliest authors to 

accomplish the improvement of production. In his work "Automatic transfer lines with buffer 

stock," he studied the role of buffer stocks in boosting system productivity to solve the 

challenge of integrating maintenance into production plans. Beheshti Fakher et al. (2017) 

studied a multi-period multi-product capacitated lot-sizing context, integrating production, 
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maintenance, and quality for an imperfect process. Guo et al. (2022) consider lot sizing, quality, 

and maintenance for an imperfect production system. Rivera-Gómez et al. (2021) proposed an 

integrated production maintenance and quality control policy for an unreliable manufacturing 

system subject to degradation. A minimal repair is carried out at failure to restore the 

production system to its previous status (ABAO). Darendeliler et al. (2020) investigate 

production, preventive maintenance, and quality control using a sampling method. The 

production lot size, the sampling plan, the safety stock, and overhaul planning are under quality 

constraints. The work of Hadian et al. (2021) determined the optimal buffer stock size of the 

production system subjected to periodic preventive maintenance (PM) action, thereby reducing 

the probability of failure and the machine age, proportional to the preventative maintenance. 

Nahas (2017) created a stochastic model of unstable equipment, which focused on joint 

optimization of economic production and aged-based preventive maintenance policy for 

deteriorating production systems using proportional hazard (PHM). Recently, production and 

quality issues were attended to by Hajej et al. (2021) in their work, which integrated the model 

of production, maintenance, and quality. The work studied a randomly failing manufacturing 

system that has to satisfy random demand during a finite production horizon and under a given 

service level. Other researchers who dealt with maintenance and quality are Ait-El-Cadi et al. 

(2021), who worked on integrated optimization of Production planning, maintenance, and 

quality control policy without considering the effects of inventory control shortages. 

To guarantee the continuity and stability of the process reliability, several works proposed 

an optimal maintenance strategy related to the control chart. Ben-Daya and Rahim (2000) study 

the effect of maintenance on the economic design of the x-control chart, and its expansion. Si 

et al. (2018) suggested a reliability and maintenance structure for a two-state process 

optimizing decision to identify discrete timeframes for preventive maintenance tasks. 

Nevertheless, they also neglected inventory scarcity. Salmasnia et al. (2017) use a particle mass 

optimization algorithm, to achieve a collaborative design of production run length, 

maintenance policy, and control chart is built using numerous assignable reasons. We can cite 

few works who uses control charts, but make assumptions that the machine degradation is 

constant. Considering these major limitations, we propose in this work to have both preventive 

and corrective maintenance actions triggered by the control chart. Also, to deal with a large 

number of common cases, small drifts as well as some special causes of process variation, we 

establish additional surveillance limits. The surveillance limits monitors and triggers imperfect 

preventive maintenance actions to reduce the increasing failure rates. Depending on the control 

chart measurement results, one can decide whether to undertake or not the type of maintenance 

(preventive or corrective) actions at the end of each sampling interval following the production 

and the degradation of the process. This reinforces the integration of maintenance and quality 

control compared to existing strategies in the literature for which PM actions are not triggered 

directly by the process control. Moreover, the proposed approach will also simultaneously take 

into account production through the degradation degree of the process in the maintenance.  

The originality of this work is in its collaborative determination of production and 

inventory quantities under varying customer demands and throughout the finite production 

horizon. A mathematical model is developed to determine the optimal values of the sample 

size, the sampling interval, the surveillance, and the control limits of the control chart, which 

minimize the production, inventory, non-conformal products, maintenance, and quality costs. 

The remainder of the paper is organized as follows: Section 2 described the problem of the 

study, its motivation, and targeted contributions. Section 3 present the stochastic model of 

production, maintenance, and quality problem. Section 4 deals with the sequential optimisation 

procedure employed in this model. Section 5 reported the numerical experiment conducted, the 

results and its discussion, as well as the sensitivity analysis, are presented. Section 6 presented 

the drawn conclusion of the study.  
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PROBLEM DESCRIPTION AND NOTATIONS 

 

Targeted Contributions 

Although the normal control chart is widely used and regarded as an effective tool in 

statistical quality control. In today’s world, the pursuit of high-quality products is asking for 

high precision quality control in the present and future industrial applications. Most of the 

works, we reviewed, which used the normal control charts for the detection of a process 

variation suggested the need for improvement. This work presented recent development in the 

design and application of an improved statistical Process control chart (ISPC) with additional 

control limits as decision variables. Figure 1 below illustrates the improved process chart. 

 

 
Figure 1. Control chart with surveillance 

 

Production Problem Description 

The production system composes of a single machine that produces only one sort of 

product, linked to a supply chain. The supply chain is made up of a principal manufacturing 

store𝐒, connected to multi-purchase warehouses (𝐰𝟏, 𝐰𝟐, … 𝐰𝐋) with a delivery volume 

capacity 𝐐𝐯 and time when the customers receive their demand products. The system operates 

at a given service level 𝛉𝐢, and production capacity (𝐔𝐦𝐢𝐧 ≤ 𝐮(𝐤) ≤ 𝐔𝐦𝐚𝐱) over a finite 

horizon 𝐇. The production system is unreliable, hence subject to faults and repairs at any time. 

The deterioration of the machine is influenced by the use and production cadences, also, the 

control chart variables. Consequently, the failure rate 𝛌(𝐭)  increases with time, and the 

production rate 𝐮(𝐤) affecting the reliability and of the production process responsible for non-

conforming products. Figure 2 below represent the proposed model. 

 

Principles and Characteristics of the Control Chart 

Figure 2 above illustrates the schematic usage of the control chart in a production line. 

The ISPC is a tool with additional limits to monitor processes in multiple process scenarios, 

hence can guide the administration of multiple maintenance actions. This will therefore 

guarantee a more precision requirement of a high-quality product. Consider Figure 3 below, if 

the sample means are located within the control limits, before drifting to the surveillance limits 

the process is in control, where corrective maintenance with minimal repairs is employed. And 

if the mean value is found outside the control limits, then the process is in critical state, hence 

the machine is stopped and a perfect maintenance action is employed with time (𝒕𝒑). But if the 

process is found in between the in-control and the out-of-control states is said to be within the 
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surveillance limits, in this case, imperfect maintenance is carried out. The ISPC are designed 

to achieve high-precision products. Also to alert small drifts or ascertain some uncertainties in-

between the target and off-target.  

 

 
Figure 2. Production Maintenance and Quality System link to the supply chain 

 
 

 
Figure 3. Control Chart Monitoring of Production 
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Production Process Scenario with the Improved Control Chart 

The process is monitored by taking samples size and calculating the standard deviation 

using the mathematical formula expressed in equation 2 below. For each of all samples, the 

average value shown in the control chart is defined as follows: 

𝜇 = 𝑋𝑠
̿̿ ̿ ≈ 𝜇0 =  

1

𝑚
 × ∑ 𝑋𝑠

𝑚
𝑠=1                 (1)                                 

The associated standard deviation is given by: 

𝜎𝑠 =
𝜎0

√𝑛
                                                  (2)                                                                                           

Upper control chart limits  

UCL = µ0 +
𝑘𝑝

√𝑛
× σ0                              (3)                                                                      

Lower control limit 

LCL = µ0 −
𝑘𝑝

√𝑛
× σ0                             (4)                                                                 

Upper Surveillance limit    

USL = µ0 +
𝑘𝑖𝑚𝑝

√𝑛
× σ0                  (5)                                                                 

Lower Surveillance limit 

LSL = µ0 −
𝑘𝑖𝑚𝑝

√𝑛
× σ0              (6)                                                               

The parameters of the chart are 𝑛, ℎ, 𝑘𝑝, and 𝑘𝑖𝑚𝑝. In this paper, we consider situations 

in which process property degradation may be related to problems related to machine 

degradation states, for example (Bouslah et al., 2016; Radhoui et al., 2010). Therefore, 

depending on the evolution of the quality indicator (𝑋𝑠), it is decided whether and what kind 

of maintenance action should be performed. Following an inspection of sample size 𝑛, 

depending on the control limits,  three scenarios are possible as shown in Figure 4, Figure 5, 

and Figure 6 below; Corrective maintenance without duration in the control state, imperfect 

maintenance in a surveillance state, and Perfect maintenance with duration (𝑡𝑝) in the critical 

state.   

Scenario I: As shown in Figure 4, when the production system is under control, the 

average of the measurements of the quality indicator �̅�𝑠 is located between the surveillance 

limits 𝐿𝑂𝐿 ≤ �̅�𝑠 ≤ 𝑈𝑂𝐿. The process is considered to be under control, and Corrective 

Maintenance actions with minimal repair are executed without any duration. 

 

 
Figure 4. Control chart at scenario 1 

 

Scenario II: As shown in Figure 5, When the production system shifted from the central 

limit to the surveillance state, the average of the measurements of the quality indicator �̅�𝑠 is 

located between the surveillance and the control limits (𝐿𝐶𝐿 ≤ �̅�𝑠 ≤ 𝐿𝑆𝐿 𝑜𝑟 𝑈𝑆𝐿 ≤ �̅�𝑠 ≤
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𝑈𝐶𝐿) for a sample 𝑗𝑖𝑚𝑝. In this case, the process is considered to have entered a state called 

the monitoring state. Hence, the machine is briefly stopped and an imperfect preventive 

maintenance action with an average duration (𝑡𝑖𝑚𝑝) is carried out to mitigate the process and 

reduce the failure rate of the process. In this case, a small proportion of non-confirming units 

according to the short maintenance duration are detected and rejected.  Assume that the number 

of non-conforming is proportional to the production volume between the sampling interval. So 

the measure of inspections m is therefore equal to 𝑗𝑖𝑚𝑝.  

 

                                                                                               

 

 

Figure 5. Case of an imperfect PM action triggered by the control chart 

 

Scenario III: When the average of the quality indicator measurements is located beyond 

the control limits (𝐿𝐶𝐿 ≥ �̅�𝑠 𝑜𝑟   �̅�𝑠 ≥ 𝑈𝐶𝐿) the machine is considered in an ‘out-of-control’ 

state called a critical state. And the production unit is considered in critical condition. In this 

case, the production is stopped and a Perfect maintenance action with a mean duration 𝑡𝑝 is 

performed on it. All items produced between sampling intervals(𝑗𝑝 − ℎ)𝑡ℎ , (𝑗𝑝)𝑡ℎare rejected. 

Therefore, the number of inspections m is equal to 𝑗𝑝. 

 

Notations and Assumptions 

Assumption 

The study of this chapter is based on the following assumptions: 

 Demands that are not satisfied at the end of each period are lost. 

 The non-conformity of the products is due to the degradation of the production unit. 

 Maintenance actions depend on the control chart parameters and the type of maintenance 

(perfect, imperfect, and with minimal repair). 

 The resources needed to perform maintenance actions are available.  

 The unit costs related to production, inventory, maintenance, and quality are known and 

constant. 

Notations 

 Productions parameters 

𝑢(𝑘) : Machine production rate 𝑢 = {𝑢 (0), 𝑢(1), … , 𝑢(𝐻 − 1)} 𝑢 in period 𝑘, (𝑘 =
 0, 1, … , 𝐻 − 1)  

𝑆(𝑘) : Principal store inventory at the period end (𝑘 = 0, …, 𝐻) 

𝑆 : Principal store 𝑆 (Manufacturing Store). 

𝑤𝑖(𝑘) : inventory level 𝑤𝑖, (𝑖 = 0, . . 𝐿) at the end of the period 𝑘, (𝑘 =  0, 1, … , 𝐻 − 1) 

                              X 

                                                                                                                                           

                                                                                                                                           timp 

                                                                                                                                                             Upper surveillance - Imperfect PM 
 

 

                                                                                                                                                             In control-CM (MMR) 
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for each retail store 

𝑖 : Delivery time for retail stores 𝑅𝑖    

𝑄𝑖(𝑘) : Delivery rate 𝑄𝑖 = {𝑄𝑖 (0), 𝑄𝑖 (1), …, 𝑄𝑖 (𝐻 − 1)}𝑅𝑖 at period 𝑘, (𝑘 =
 0, 1, … , 𝐻 − 1) for the warehouses 

𝐿 : Number of retail stores. 

∆𝑡 : The production length 

𝑑𝑖(𝑘) : Average demand during the period 𝑘, (𝑘: 0, 1, … , 𝐻 − 1) for each customer 

𝑉𝑑𝑖(𝑘) : Demand variance in period 𝑘, (𝑘: 0, 1, … , 𝐻) for each customer 

𝐻 : The production planning horizon  

𝐻. ∆𝑡 : Finite production horizon 

𝑄𝑣 : Capacity of the delivery vehicle.  

𝑐𝑝 : Machine unit production cost 

𝑐ℎ𝑆 : The unit product cost of inventory holding during one period at the principal 

store.  

𝑐ℎ𝑤𝑖 : The cost of inventory holding unit product during one period at the retail store 

𝑅𝑖, (𝑖 = 0, . . 𝐿) 

𝑐𝑑 : Shortage cost of the one-unit product during one period. 

𝑐𝑙 : the unit delivery cost 

𝑐𝑡 : transportation cost of one item 

𝑚𝑢 : Monetary unit.  

𝑢𝑚𝑎𝑥 : Maximum capacity of the production machine. 

𝑢𝑚𝑖𝑛 : Minimum capacity of the production machine. 

𝑖 : Probability index related to each customer service level. 

  

Maintenance parameters 

𝜆𝑘(𝑡) : Failure rate at period k, (k = 1..., H) 

𝑁𝑝𝑒𝑓 : Number of perfect maintenance actions during the out-of-control state (Scenario 

3). 

𝑁𝑖𝑚𝑝 : Number of imperfect maintenance actions during the surveillance state (Scenario 

2). 

𝑡𝑝 : Duration of perfect maintenance 

𝑡𝑖𝑚𝑝 : Duration of imperfect maintenance 

𝐶𝑐𝑚 : Corrective maintenance cost 

𝐶𝐼𝑚 : Imperfect maintenance cost 

𝐶𝑝𝑚 : Perfect maintenance cost 

CMT : Total maintenance cost 

  

Quality parameters 

ℎ : The sampling interval. 

∝2 : The probability of non-identification of the surveillance state 

∝3 : The probability of non-identification of the critical out-of-control state 

𝜓1   : The parameter showing if the surveillance limits were exceeded before the 

control limits 

𝑗𝑝 : Average number of samples to detect the out of control 

𝑗𝑖𝑚𝑝 : Average number of samples to detect the surveillance state 

δp : Magnitude of a shift in between SL to the Critical state 

δimp : Degree of a shift between the centre to the SL 

𝑘𝑝 : Control chart coefficient samples at a critical stage. 
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𝑘𝑖𝑚𝑝  : Control chart coefficient of samples at surveillance zone  

ARC : The average duration of a restoration cycle  

𝑐𝑠𝑖 : The unit  sampling inspection cost 

𝑐𝑟 : The unit cost of one defective product 

𝑐𝑁𝐶 : The cost of the non-conformal product 

𝐴 𝐶𝑄 : Average total cost of quality 

 

 

MODEL OF THE STOCHASTIC PRODUCTION MAINTENANCE QUALITY 

PROBLEM 

To establish an optimal production, maintenance, and quality integrated strategy, we 

define a stochastic model that minimizes the total costs over a finite horizon. The total expected 

cost includes the costs of production, inventory holding, delay penalties, and 

quality/maintenance.  

Formally, the problem is defined as follows: 

The optimization model is composed of objective functions that minimize the expected 

total costs (production, inventory, delivery, delay penalty, quality, and sum of maintenance) 

over the finite horizon 𝐻. ∆𝑡. 

𝑀𝑖𝑛 𝐹 = 𝑃𝐶 + 𝐻𝐶 + 𝐷𝐶 + 𝐷𝑃𝐶 + 𝑇𝑀𝐶         (7)                                        

Under the following constraints: 

with 𝑘 =  {0, 1 … , 𝐻}                                     (8) 

𝑤𝑖(𝑘) = 𝑤𝑖(𝑘 − 1) + 𝑄𝑖(𝑘 −
𝜏𝑖

∆𝑡⁄ ) − 𝑑𝑖(𝑘) 

where 𝑘, (𝑘 = 1, 2, … , 𝐻) 𝑎𝑛𝑑 𝜏𝑖 ≥ 1            (9)                                                            

The service level, for (𝑘 =  1, … , 𝐻 − 1) and (𝑖 = 1, … , 𝐿) 

𝑃𝑟𝑜𝑏[𝑤𝑖(𝑘) ≥ 0] ≥ 𝜃𝑖                              (10)                                                                                                                                 

The upper and lower bounds of production, during each period  

𝑢𝑚𝑖𝑛 ≤ 𝑢(𝑘) ≤ 𝑢𝑚𝑎𝑥                                 (11)                                                                          

To transform the probabilistic problem into a deterministic equivalent, it is necessary to 

first determine the change in the variance of inventory over the planning horizon.  

Lemma: 

For 𝑘 = 1,2, … , 𝐻 𝑎𝑛𝑑 𝑖 = 0, 1, … , 𝐿  we have; 

𝑃𝑟𝑜𝑏[𝑤𝑖(𝑘) ≥ 0] ≥ 𝜃𝑖 𝑄𝑖(𝑘 −
𝜏𝑖

∆𝑡⁄ ) ≥ √𝑉𝑑𝑖(𝑘) × 𝜑−1(𝜃𝑖)- 𝑤𝑖(𝑘 − 1)+�̂�𝑖(𝑘)                                  

(10.1) 

With 

𝜑: Cumulative Gaussian distribution function with mean 𝑑�̂�(𝑘) and finite variance 𝑉𝑑,(𝑘).  

𝑈𝜃𝑖 
(. ): 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦  

at delivery𝜑−1: inverse distribution function. 

Proof: We have, 𝑤𝑖(𝑘) = 𝑤𝑖(𝑘 − 1) + 𝑄𝑖(𝑘 −
𝜏𝑖

∆𝑡⁄ ) − 𝑑𝑖(𝑘), and according to 

equation (10) we have 𝑃𝑟𝑜𝑏[𝑤𝑖(𝑘) ≥ 0] ≥ 𝜃𝑖 , then the service level requirement constraint is 

given by: 

𝑃𝑟𝑜𝑏[𝑤𝑖(𝑘 − 1) + 𝑄𝑖(𝑘 −
𝜏𝑖

∆𝑡⁄ ) − 𝑑𝑖(𝑘) ≥ 0] ≥ 𝜃𝑖  (10.2) 

We divide the expression by √𝑉𝑑𝑖(𝑘), then we have: 

𝑃𝑟𝑜𝑏 [
𝑤𝑖(𝑘 − 1) + 𝑄𝑖(𝑘 −

𝜏𝑖
∆𝑡⁄ ) − �̂�𝑖(𝑘)

√𝑉𝑑𝑖(𝑘)
≥

𝑑𝑖(𝑘) − �̂�𝑖(𝑘)

√𝑉𝑑𝑖(𝑘)
] ≥ 𝜃𝑖  

                                                        (10.3)                                                                       

       
1

1
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Note that: 

𝑋 =
𝑑𝑖(𝑘)−�̂�𝑖(𝑘)

√𝑉𝑑𝑖(𝑘)
  is a variable that follows the reduced centred Gaussian distribution N (0, 1) 

The cumulative Gaussian distribution function  is denoted by .  

𝜑 [
𝑤𝑖(𝑘−1)+𝑄𝑖(𝑘−

𝜏𝑖
∆𝑡⁄ )−�̂�𝑖(𝑘)

√𝑉𝑑𝑖(𝑘)
] ≥ 𝜃𝑖                  (10.4)                                                                                                                          

Since  and   we conclude that  is strictly increasing.   

We note that  is indefinitely differentiable, so we conclude that  is invertible. 

𝑤𝑖(𝑘−1)+𝑄𝑖(𝑘−
𝜏𝑖

∆𝑡⁄ )−�̂�𝑖(𝑘)

√𝑉𝑑𝑖(𝑘)
≥ 𝜑−1(𝜃𝑖)           (10.5)                                                         

 

Then 𝑤𝑖(𝑘 − 1) + 𝑄𝑖(𝑘 −
𝜏𝑖

∆𝑡⁄ ) − �̂�𝑖(𝑘) ≥ √𝑉𝑑𝑖(𝑘) × 𝜑−1(𝜃𝑖)𝑄𝑖(𝑘 −
𝜏𝑖

∆𝑡⁄ ) ≥

√𝑉𝑑𝑖(𝑘) × 𝜑−1(𝜃𝑖) −  𝑤𝑖(𝑘 − 1) + �̂�𝑖(𝑘)                                                                    (10.6) 

Thus 

𝑃𝑟𝑜𝑏[𝑤𝑖(𝑘) ≥ 0] ≥ 𝜃𝑖 𝑄𝑖(𝑘 −
𝜏𝑖

∆𝑡⁄ ) ≥ √𝑉𝑑𝑖(𝑘) × 𝜑−1(𝜃𝑖)- 𝑤𝑖(𝑘 − 1)+�̂�𝑖(𝑘) 

                                (10.7) 

 

Production, Maintenance, and Quality 

Equipment availability, reliability, maintenance, product quality, and System 

Productivity are strongly interrelated to each other.  

Production policy 

In this section, we aimed to minimize the total production and inventory cost by 

determining the optimal and economical production planning to meet the random demands of 

the customers at multi-warehouses and throughout the production period.  

Recall that the total production Cost (TCP): 

TCP = Production cost + Total holding cost + 

+ Delivery cost + Delay penalty cost. 

 Production Cost 

𝑃𝐶 = 𝐶𝑝 × ∑ 𝑢(𝑘). ∆𝑡𝐻
𝑘=1                              (13)                                                                                                                         

 Holding cost at the Manufacturing Store 

𝐻𝐶𝑆 = ∑ 𝐶ℎ𝑆 × (𝑀𝑎𝑥(𝑆(𝑘 − 1), 0). ∆𝑡 +
1

2
. 𝑢(𝑘). ∆𝑡2)

𝐻

𝑘=1
                                     (14)                                              

 Holding costs at the retail warehouses (𝑤𝑖) 

𝐻𝐶𝑊 = ∑ ∑ 𝐶ℎ𝑤𝑖 × (𝑀𝑎𝑥(𝑤𝑖(𝑘 − 1), 0). ∆𝑡 +
1

2
𝑄𝑖(𝑘 −

𝜏𝑖
∆𝑡⁄  ). ∆2)𝐿

𝑖=1

𝐻

𝑘=1
                                                                        

(15) 

 Total Inventory Holding cost (HC) 

𝐻𝐶 = 𝐻𝐶𝑆 + 𝐻𝐶𝑊  

𝐻𝐶 = ∑ (𝐶ℎ𝑆 × (𝑀𝑎𝑥(𝑆(𝑘 − 1), 0). ∆𝑡 +
1

2
. 𝑢(𝑘). ∆𝑡2) + ∑ 𝐶ℎ𝑤𝑖 × (𝑀𝑎𝑥(𝑤𝑖(𝑘 −𝐿

𝑖=1
𝐻
𝑘=1

1), 0). ∆𝑡 +
1

2
𝑄𝑖(𝑘 −

𝜏𝑖
∆𝑡⁄  ). ∆2))                                                                       (16)                                                                                                 

 Delivery cost 

𝐷𝐿𝐶(𝑄(𝑘)) = 𝐶𝑡 + 𝐶𝑜 × ∑ (
𝑄𝑖(𝑘)

𝑄𝑣
)𝐿

𝑖=1              (17)                                                                         

 Delay Penalties cost 

𝐷𝑃𝐶 = 𝐶𝑑 × (∑ (∑ 𝑑𝑤𝑖
𝐿
𝑖=1 )𝐻

𝑘=1 ),   𝑑𝑤𝑖 =
|min (𝑤𝑖(𝑘),0)|

𝑄(𝑘+1− 
𝜏𝑖
∆𝑡

)
                                (18) 



0lim 


1lim 
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Maintenance and quality policy 

The optimization of maintenance strategy consists to minimize the costs related to perfect 

(critical state) and imperfect (surveillance state) preventive maintenance actions and corrective 

maintenance actions (in-control state).   

Failure rate modelling 

𝜆𝑘(𝑡) = (1 − ⌊
𝑘−1

(⌊
𝑘−2

𝑗𝑖𝑚𝑝
⌋+1)×𝑗𝑖𝑚𝑝

⌋) × (1 − ⌊
𝑘−1

(⌊
𝑘−2

𝑗𝑝
⌋+1)×𝑗𝑝

⌋) × (𝜆𝑘−1(∆𝑡) +
𝑢(𝑘)

𝑈𝑚𝑎𝑥
 𝜆𝑛(𝑡)) +

(1 − ⌊
𝑘−1

(⌊
𝑘−2

𝑗𝑝
⌋+1)×𝑗𝑝

⌋) × ⌊
𝑘−1

(⌊
𝑘−2

𝑗𝑖𝑚𝑝
⌋+1)𝑗𝑖𝑚𝑝

⌋ × 𝜆
(k−⌊

𝑗𝑖𝑚𝑝

∆𝑡
⌋)

((⌊
𝑘×∆𝑡

𝑗𝑖𝑚𝑝
⌋ − 1) × 𝑗𝑖𝑚𝑝) × 𝑒𝛼 +

⌊
𝑘−1

(⌊
𝑘−2

𝑗𝑝
⌋+1)×𝑗𝑝

⌋ ×
𝑢(𝑘)

𝑈𝑚𝑎𝑥
 𝜆𝑛(𝑡)    ∀ 𝑡 ∈ [0, ∆𝑡]                                                                        

(19) 

The average total maintenance cost 

Considering that either PM (perfect or incomplete) or CM actions can be performed in 

each cycle, the total average maintenance cost can be expressed as: 

𝐶𝑇𝑀(𝑗𝑝, 𝑗𝑖𝑚𝑝) =   𝐶𝑐𝑚 ∗ (1 − 𝜓1) +  𝐶𝑀𝑖𝑚𝑝 ∗ 𝜓1 +  𝐶𝑀𝑝𝑒𝑟𝑓 ∗ 𝜑(𝑗𝑝, 𝑗𝑖𝑚𝑝)              (20)                             

The average number of failures 𝜑(𝑗𝑝, 𝑗𝑖𝑚𝑝) is expressed as follows:  

𝜑(𝑗𝑝, 𝑗𝑖𝑚𝑝) = ∑ ∫ 𝜆𝑘(𝑡) 𝑑𝑡
Δ𝑡

0

⌈
𝐴𝐷𝑅𝐶−(𝑡𝑖𝑚𝑝 ×𝜓1+ 𝑡𝑝 ×(1−𝜓1))

Δ𝑡
⌉

𝑘=1  

+∑ ∫ 𝜆𝑘(𝑡) 𝑑𝑡
Δ𝑡

0
𝐻

𝑘=⌊
𝐴𝐷𝑅𝐶

Δ𝑡
⌋

                                 

(21) 

Average duration of a restoration cycle 

Consider an average number of samples to signal the process moves into the surveillance 

state. From Montgomery (2004) it follows that; 

𝑗𝑖𝑚𝑝 =
1

1 −∝2
 

∝2 = F (
𝑈𝑆𝐿 − µ1

𝜎/√𝑛
) - F (

𝐿𝑆𝐿 − µ1

𝜎/√𝑛
)                          (22) 

Hence: 

∝2 = F (𝑘𝑖𝑚𝑝 − 𝛿𝑖𝑚𝑝 × √𝑛)  - F (−𝑘𝑖𝑚𝑝 − 𝛿𝑖𝑚𝑝 × √𝑛) 

                                                                       (23) 

Using Equation (3.23), we obtain: 

𝑗𝑖𝑚𝑝 =
1

1 − F (𝑘𝑖𝑚𝑝 − 𝛿𝑖𝑚𝑝 × √𝑛) +  F (−𝑘𝑖𝑚𝑝 − 𝛿𝑖𝑚𝑝 × √𝑛)
 

                                                                                   (24) 

Let 𝑗𝑝 be the average number of samples to signal the shift to the critical out-of-control 

state. It also follows that; 

𝑗𝑝 =
1

1−∝3
                                                         (25) 

∝3= Prob( 𝐿𝐶𝐿 ≤ �̅�𝑠 ≤ 𝑈𝐶𝐿/ µ2 = 𝜇 + 𝛿𝑝 × 𝜎𝑠)     (26) 

∝3 = F (
𝑈𝐶𝐿 − µ2

𝜎/√𝑛
) - F (

𝐿𝐶𝐿 − µ2

𝜎/√𝑛
) 

∝3 = F (𝑘𝑝 − 𝛿𝑝 × √𝑛)  - F (−𝑘𝑝 − 𝛿𝑝 × √𝑛)          (27) 
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Scenario 3 
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Figure 6.  Integrated maintenance and control chart decisions 

 

𝑗𝑝 =
1

1−F (𝑘𝑝−𝛿𝑝×√𝑛)+ F (−𝑘𝑝−𝛿𝑝×√𝑛)
                   (28)                                              

The average duration of a restoration cycle: 

ADRC= (𝑗𝑖𝑚𝑝 × 𝜓1 + 𝑗𝑝 × (1 − 𝜓1)) × ℎ  

+ 𝜇𝑖𝑚𝑝  × 𝜓1 + 𝜇𝑝  × (1 − 𝜓1)                              (29) 

ψ1 is the parameter showing if the surveillance limits were exceeded before the control limits. 

This indicator is defined by the following expression; 

𝜓1= mark (𝑗𝑖𝑚𝑝 < 𝑗𝑝) = = {
1, 𝐼𝑓 𝑗𝑖𝑚𝑝 < 𝑗𝑝

0, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
           (30) 

The average overall cost of quality 

The average total cost of quality is the sum of sampling inspection plus the cost of non-

conformal.  

The sampling inspection is expressed by; 

𝐶𝑠𝑖 =  𝐶𝑖 × 𝑛 × 𝑚                                                (31) 

The cost of non-conforming units. 

CNC = 𝐶𝑟 × (𝜓1 × (𝑢 (⌊
𝑗𝑝∗ℎ

Δ𝑡
⌋) × (

𝑗𝑝∗ℎ

Δt
− ℎ)) + (1 − 𝜓1) × (𝑢 (⌊

𝑗𝑖𝑚𝑝∗ℎ

Δ𝑡
⌋) × (

𝑗𝑖𝑚𝑝∗ℎ

Δt
− ℎ))) 

 

OPTIMIZATION MODEL 

A sequential optimization procedure is used. Solving the first sub-problem of production 

and its output is considered as a constraint to the maintenance quality sub-problem.  An iterative 

numerical optimization procedure is developed. The procedure integrated the following user 

inputs.  

 The multi-decision variables (𝑛, 𝑚, ℎ, 𝑘𝑝, 𝑘𝑖𝑚𝑝) are initialized with small values by the 

user. 

 The decision parameters are variated with some increments (∆𝑛, ∆𝑚, ∆ℎ, ∆𝑘𝑝, ∆𝑘𝑖𝑚𝑝) ) 
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to some defined maximum limits (𝑛𝑚𝑎𝑥, 𝑚𝑚𝑎𝑥, ℎ𝑚𝑎𝑥 , 𝑘𝑝𝑚𝑎𝑥
, 𝑘𝑖𝑚𝑝𝑚𝑎𝑥

) 

 The average number of checks (of successive samples) to be in or out of control (𝑗𝑖𝑚𝑝, 𝑗𝑝) 

is calculated by using equations (21 & 25)  

 The average duration restoration cycle (ADRC) is calculated by equation (29) 

 The total cost of maintenance is calculated using equation (20). 

 

 
Figure 8. Maintenance & Quality algorithm 

 

NUMERICAL EXPERIMENT 

A Supply Chain consists of a system producing single product to meet the delivery of 

two retail stores that will satisfy random demands within a finite production periods of length 

one month. The standard deviation of each product demand is the same for all periods and each 

demand. Lower and upper boundaries of production, as well as other production, maintenance, 

and quality parameters presented below were used for experiments with our model as an 

approach to finding the best strategy. 

 

Input data 

PRODUCTION MAINTENANCE QUALITY 

PARAMETER VALUE PARAMETER VALUE PARAMETER VALUE 

𝑢𝑚𝑎𝑥 5000 𝛽1 100 𝐶𝑖 50 

𝑢𝑚𝑖𝑛 0 𝛼1 2 𝐶𝑟 70 

𝑆(0) 0 𝐶𝑀𝑖𝑚𝑝 500 𝜇0 5 

𝑖 1.0 𝐶𝑀𝑝𝑒𝑟𝑓 1000 𝜎0 1.5 

𝐿 2.0 𝐶𝑐𝑚 70000 𝛿𝑖𝑚𝑝 0.8 

∆𝑡 1.0 𝑡𝑝 4 hrs 𝛿𝑝 1.0 

𝑑𝑖(𝑘) 1500     
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𝐻 12     

𝑄𝑣 3000     

𝑐𝑝 50     

𝑐ℎ𝑆 2.2     

𝑐ℎ𝑤𝑖 2.2     

𝑐𝑑 4.0     

𝑖 1.0     

𝑖 0.9     

 

Results 

The optimal production quantity Table 1. The production plans are according to the 

probabilistic function defined by equation (10).  

 

Table 1. Optimal Production Plan 

u*(1) u*(2) u*(3) u*(4) u*(5) u*(6) 

4540 2940 2530 3220 3210 4200 

u*(7) u*(8) u*(9) u*(10) u*(11) u*(12) 

4110 4220 3630 2430 2540 4643 

 

Table 2. The delivery plan for a retail house 1 

Q1-1 Q1-2 Q1-3 Q1-4 Q1-5 Q1-6 

2250 2150 2050 2500 1250 2040 

Q1-7 Q1-8 Q1-9 Q1-10 Q1-11 - 

1340 1280 2150 1080 1010 - 

 

Table 3. The delivery plan for a retail house 2 

Q2-1 Q2-2 Q2-3 Q2-4 Q2-5 Q2-6 

2150 640 1130 2250 1210 1540 

Q2-7 Q2-8 Q2-9 Q2-10 Q2-11 - 

470 320 2100 1130 2350 - 

 

The detailed algorithm flowchart diagram is shown above in Figure 8. 
  

             9.67                                                                                                                                                                        𝑈𝐶𝐿=𝜇+3.8×𝜎12 

 

            6.53                                                                                                                                                     𝑈S𝐿=𝜇+2.5×𝜎12 

 

                                                                                                                                                                                        u =5 

 

            4.47                                                                                                                                                     𝑈S𝐿=𝜇-2.5×𝜎12 

  

             1.33                                                                                                                                                                         𝑈𝐶𝐿=𝜇-3.8×𝜎12 

 

                                                                                                                                                                                       Samples 

 

 

 

 

0 

 

1 2 3 4 

h =2.0 

 
Figure 9. Optimal design of the control chart 
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Table 4. Optimal decision parameters 

h n m 𝒌𝒊𝒎𝒑 𝒌𝒑 𝑱𝒑𝑻 𝑱𝒊𝒎𝒑𝑻 𝑵𝒊𝒎𝒑 

3 48 57 2.50 3.5 2928 54 2 

 

 
Figure 10. The total cost of maintenance against control chart combinations 

 

Discussion of the Results 
Table 1 presents the optimal planned production quantities. The optimal delivery 

quantities at the multi-retail store are presented in Tables 2 and 3 which guarantee the customer 

service level requirement. The best maintenance and quality strategy consist in considering one 

sample of size 48 every h, with h = 3 days. Furthermore, concerning the scheme of the control 

chart, the ideal number of standard deviations between the centerline, the surveillance limits, 

and the control limits are respectively 2.50 and 3.50. The shift to the surveillance state and out-

of-control state would occur on average after 54h and 2928h respectively. The optimal 

parameters of the control chart are shown in Table 4 which minimizes the total cost of 

maintenance and quality.  

Whenever a sample is considered, the percentage that the system is in the ‘in-control’ 

state is found to be equal to 74%, the probability to be in the surveillance state (performing an 

imperfect PM action) is 18%, and the probability to be in the critical state and perform a perfect 

maintenance action is 8%. 

 

Sensitivity Analysis for Maintenance/Quality Strategy 
In this subsection, we investigate the influence of changing some key study parameters. 

To analyse and validate the system’s behaviour, we have studied the different possible causes 

of variations in model parameters, namely: the cost of inspection (𝑐𝑖), the cost of rejecting 

defective items (𝑐𝑟), imperfect maintenance duration (𝑡𝑖𝑚𝑝), and the magnitude of the transition 

to the surveillance state and the critical "out-of-control" state relative to the centerline (𝑖𝑚𝑝). 

The effects of variations in these parameters on the optimum solutions are given in Table 5. 

Figure 10 illustrated the effects of control chart combinations on the total maintenance cost. 

Additionally, we have studied and analysed the impacts of the different costs of maintenance 

imperfect (𝐶𝑀𝑖𝑚𝑝). 

From the sensitivity analysis (Table 6) presented below, we can deduce the following: 

Variation of the unit inspection cost (𝑪𝒊): The increase in unit inspection cost causes a 

decrease in the number of inspection items size (𝑛) to optimize the overall cost of sampling, 

then a slight increase several times to take the sampling (𝑚), to the total sampling expenditures. 
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Moreover, to reduce the frequency of sampling, the sampling interval ℎ∗ increases. This makes 

both surveillance and control limits coefficients 𝑘𝑝
∗
, 𝑘𝑐

∗
 increase, thereby yielding lower non-

conformal products.  

Variation of the cost of a defective unit (𝑪𝒓): The increase in the rejection cost mainly 

causes a decrease in the sampling size (𝒏). And an increase in the times the sampling inspection 

is conducted (𝒎), And the increase in the control chart limit (𝒌𝒑) to reduce the proportion of 

non-conforming units. However, the cost of rejection affects the average number of samples to 

detect the surveillance state duration (𝐽𝑖𝑚𝑝𝑇*) without significance on the average number of 

samples to detect the “out of control” (𝐽𝑝𝑇*). The surveillance and the control limits get closer, 

when the unit rejection cost Cr takes a tall, permitting possibly more focuses to drop near to 

them. Moreover, the optimal interval of sampling diminishes and the optimal sampling size 

increases to quickly detect small process shifts and reduce the proportion and the cost of non-

conforming items. In like manner, the average numbers of samples (𝑗𝑝 and 𝑗𝑐) controlled before 

the shift to the surveillance or critical state diminishes, which illustrates the truth that 

maintenance activities are performed greater. 

Variation of Imperfect Maintenance duration at out-of-control (𝒕𝒊𝒎𝒑): As the PM 

duration 𝜇𝑖𝑚𝑝 gain, the coefficients of the control chart boost, the surveillance and control 

limits move further apart, and PM actions are done less frequently. After that, the average 

number of samples taken (𝐽𝑖𝑚𝑝) before going into the surveillance or critical state increase. 

Control charts with lower severity have higher sampling intervals and lower sample sizes. 

Subsequently, the quantity of non-conforming items hikes, increasing the costs of rejection. 

Variation of the magnitude of the shift to the surveillance state (δ𝒊𝒎𝒑): The increasing 

of the parameter (δ𝑖𝑚𝑝) implies that the average sample of the quality indicator to detect the 

surveillance state (𝐽𝑖𝑚𝑝𝑇)  will move away from the centre line of the control chart. Hence, the 

control chart becomes more relaxed to cope with the increasing process degradation, allowing 

potentially more points to fall within the control limits. Consequently, the perfect maintenance 

actions with duration decrease as well as the average number of samples to detect the 

surveillance state (𝐽𝑖𝑚𝑝𝑇). Furthermore, the sample size (𝑛), decreases, and the sampling 

frequency increase thereby improving the process quality. As the parameter δp increases, the 

process deteriorates further and the new mean of the process moves away from the target mean 

μ. As a result, the monitoring limits have shorter coefficients and cramped charts. The result is 

a decrease in the average number of samples exceeding the monitoring limit and holding the 

frequency of maintenance activities. Other points are very close to the surveillance limits and 

between the surveillance and the control limits. A process may not run properly.  

 

Table 5. Sensitivity analysis of parameters 

Parameter Variation 𝒌𝒑 𝑲𝒊𝒎𝒑 h* n* m* 𝑱𝒑𝑻 𝑱𝒊𝒎𝒑𝑻 𝑵𝒊𝒎𝒑 

Base  3.85 2.5 3 48 57 2928 54 2 

𝑐𝑖 

-5.00 3.85 2.5 3 48 57 2928 57 2 
0 3.95 2.5 3 36 57 3784 68 2 
+5.00 3.85 2.5 3 22 65 2928 74 2 

𝑐𝑟 

-20.0 3.85 2.5 3 48 57 2928 54 2 
0 3.90 2.5 3 46 60 2928 54 2 
+20.0 3.95 2.5 3 32 65 3276 74 2 

𝑡𝑖𝑚𝑝 

-0.50 3.95 2.5 3 38 72 2964 78 2 
0 3.95 2.5 3 46 75 2964 78 2 
+0.50 3.85 2.5 3 48 54 2928 54 2 

-0.1 3.95 2.5 3 36 58 3588 32 2 
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𝑖𝑚𝑝 
0 3.95 2.5 3 48 57 3714 68 2 
+0.1 3.85 2.5 3 36 58 2806 32 2 

cm-ip 

-100 3.95 2.5 3 48 57 3744 68 2 
0 3.95 2.5 3 44 62 3432 72 2 
+100 3.95 2.5 3 44 62 3432 72 2 

 

Therefore, the sample size is increased the sampling interval is decreased, and the quality 

of the process is improved. 

Variation of Cost of Preventive Maintenance imperfect (𝑪𝑴𝒊𝒎𝒑𝒆𝒓): The CMimper which 

increases the cost of an IPM action, leads to the less frequent execution of IPM actions (higher 

value of jimp). In this case, the surveillance and the control limits are moving apart. So 

potentially more points fall within the limits of the monitor, and fewer points are very close to 

those limits. This accounts for the fact that the optimal sample size decreases and the sampling 

interval increases. 

  

CONCLUSION 

Most of the scientific work in the literature uses constant production plans, safety stocks, 

or constant failure rate methods. In this work, we optimized stochastic production planning and 

maintenance integrated into the control chart tool of quality. We considered the impact of the 

production variation on the formulation of a new failure rate model according to an increasing 

degradation factor. During this study, we elaborated an improved statistical process chart. We 

model and simulate an integrated production model using the ISPC tool that was used to control 

maintenance and quality. The production process reliability as well as the quality of the finished 

product are improved. This technique saves the company time and cost. A mathematical model 

and numerical procedure that significantly reduces the total cost of production, maintenance, 

inventory, and quality was established. The approach provided the control chart information 

based on established analytical relationships and significantly increases the process reliability, 

reduces the generation of non-conformal items, and minimised the total cost. The new 

maintenance approach considered the deployment of different types of maintenance with 

appropriate durations commensurate to multi-process scenarios.   

Imperfect and perfect preventive maintenance actions are respectively performed 

according to an average number of samples to detect the surveillance and critical limits. 

However, depending on the production rate and dynamic inventory plan a corrective minimal 

repair is adapted in the control state to reduce the failure frequency. From the numerical 

experiments and the sensitivity analysis, this is found to be a robust approach, applicable to 

industrial cases in need of high precision principles required for the production of high-quality 

products. In perspective, the subsequent works will take into account considerable causes or 

multi-product cases.  
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